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THREE APPROAGHES TO THE QUANTITATIVE DEFINITION
OF INFORMATION

A. N. Kolmogorov

problemy Peredachi Informatsii, Vol, 1, No. 1, pp, 3-11, 1965
There are two common approaches to the quantitative definition of "information™ combinatoriai and
probabilistic. The author briefly describes the major features of these approaches and introduces a newal-

gorithmic approach that uses the theory of recursive functions,

1, The Combinatorial Approach

Assume that a variable x is capable of taking values in a finite set X containing N elements, We say that the "en-
ropy™ of Hie variable X is ‘

H (x) =.logy V.
By giving x a definite value '
x = a4
we “zerﬁove" this entropy and communicate *information™
I =log, N.

If the variables Xg, X ..., Xk 8IC capable of independently taking values in sets respectively containing Ny, Na ... .7
Ny mermbers, then )

H(wl,x2,7..,mk)zH(x1)~|—H(x2)—§—...—i—H(sck). (L

Transmission of a quantity of infoymation 1 requires

I I for integral 1
o {{I] + 1 for fractional

binary digits. For example, the number of different "words” consisting of K zeros and ones and one two is
o (ke -+ 1),
_ Hence, the information content of such 2 message is
I =k - log, (k - 1),
i.e., the "coding” of such words in a purely binary system requires* - l
‘ I'=~k+ log, k
zeros and ones,

Discussions of information theory do not usually go into this combinatorial approach at any length, butI consider
it important to emphasize its logical independence of probabilistic assumptions. Suppose, for example, that we are

faced with the problem of coding a message written in an alphabet consisting of s letters, it being known that the fre-
quencies ‘

P - @

&

of occurrence of individual letters in a message of length n satisfy the inequality

%= wrépr logs pr <\ ho- | ®

*Here and in what follows f ~ g indicates that the difference § — g is bounded, while § ~ g indicates that the ratio’
f g approaches one.




It is easy to see that for large & the binary logarithm of the number of messages satisfying requirement (2) has the
asymptotic estimate .
H =loga N ~ nh.
in wransmitting such messages, therefore, it is sufficient to use approximately nh binary digits.
A universal coding method that permirs the aansmission of any sufficiently long message in an alphabet of s letrers - Clear
with o more than nh binary digits is not necessarily excessively complex; in particular, it is not essential to begin by
desermining the frequencies pr for the entire message, In order to make this clear, it is sufficient to note that by split-
ting the message S into m segments Sy, Sz ve e Sm, we obtain the inequality neces
s : ) - see U
%> — [k + Mae + o Bkl (4)
However, 1 will not go into the details of this special probiem here. It is only important for me to show that the mathe-
_ matical problems associated with a purely combinatorial approach to the measure of information are not limited to
wivialities. : ‘ ' 2 1
it is perfectly patural to teke a purely combinatorial approach to the notion of the "entropy of language" if we
nave in mind an estimate of its mflexibility," an index of the diversity of the possibilities for developing 4 language with ovels
a given dictionary and given rutes for the construction of sentences, M, Ratner and N. Svetlova obtained the following tons
estimate for the binary logarithm of the number N of Russian teXs of length n, expressed as the "number of symbols in- $i,4
cluding spaces;” composed of words in 8. 1. Ozhegov's Russian dictionary and subject only to the requirement of "gram-
matical correctness”
 logaV
e _._._u"g; =1.94+014.
This is considerably larges than the upper estimate for the mentropy of literary texts" that can be obtained by various
methods of "guessing continuations,” This discrepancy is quite natural, since literary texis must meet many requirements
_ beyond simple "grammatical correctness,” As b
It is more difficult to estimate the combinatorial entropy of texts subject to definite, maore elaborate constraints,
it would, for example, be of interest 0 estimate the entropy of Russian texts that could be regarded as sufficiently accu-
rate (in terms of content) wanslations of a given foreign-language text. It is only "residual entropy” that makes it possi- wher
bie to transiate poeiry, where the "entropy cost” of adhering to 2 given meter and rhyme scheme can be calculated and
rather accurately. It can be shown that the classical thyming jambic tetrameter, with certain natural restraints on the
frequency of syllables, etc., requires a freedom in handling verbal material characterized by a "residual entropy" of
the ordes of 0, 4 (this estimate is based on the above method of measuring the length of & text in terms of the "number
of symbols, including spaces”). On the other hand, if we take into account the fact that the stylistic limitations of a
' particular gemre probably reduce the above estimate of the "rotal” entropy from 1, ¢ to po more than 1. 1-1. 2, the situ-
_ation becomes remarkable both in the case of transtation and in the case of original poetry.
l I trust the reader of a utilitarian bent will forgive me this example, but it should be noted that the broader prob- whil
i lem of measuring the information connected with creative humah endeavor is of the utmost significance.
j At this point, let us twn to & discussion of the extent to which a purely combinatorial approach permits one to €s” -
Y , . . s : - . _r "
6o timate the information conveyed by & variable x with respect to a related yariable y. The relation between the vari- ’
'5 ables x and y, which respectively take yalues in the sets X and Y, consists in that not all pairs (X, ¥} belonging to the
! Cartesian product X XY are npossible,” The set U of possible pairs determines the set Y, of y such that for a given ¢ €X H{x:
R
{a, y) €U.
It is natural to define the conditional entopy by the equation ' ‘ o iyl
: : Bilis
| i .
. H(y/a) =logs N (Ya) : (5) o hilw
I : o : ’ g’
1' (where N(Yy) is the number of members of Yy) and the information conveyed by x with respect oy by the formula S fiow
{1\' ‘ ) epr
; _ . I@:y)=HQE— H (y/z). _ ®  som
ii For the case shown in the table, for example, we have : 5 prot
: z
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(6)

X t {2 |3 | 4 Hz=1:y4)=0,
' - Iz =2:1y)=1,
% i i i i ' l{x=3:y)=2,

3 | —j+l-] =

Clearly, H(y/x) and I(x:y) are functions of x (whereas y takes the form of a "bound variable ").

1t is not difficult to introduce in a purely combinatorial conception the notion of the "quantity of information

necessary to designate an object ¥ with given requirements imposed on the accuracy of the designation.” (Apropos of this
see the extensive literature on the "e-entropy” of sets in metric spaces, )

It is obvious that

H{z/z) = 0, Iz :2) = Hz). 7y

9. The Probabilistic Approach

The possible advantages of further developing information theory on the basis of definitions (5) and (8) have been
overshadowed by the fact that if we make the variables x and y "random variables” with given joint probability distribu-

tions, we can obtain a considerably richer system-of concepts and relationships, Paralleling the quantities introduced in
§1, here we have ‘

Hy (z) = — @p (z) log, p (2), ' @)
Hy (y/z) = — %p (/) logyp (y/x), | @)
Iy (@1 y) = Hy @) — Hy @/2). (10)

As before, Hy(y/x) and Iyy(x:y) are funcrions of x, and we have the inequaliies

Hy (2) < H (2), Hw (/o) < H (y/2), ‘ (1)

where the equality holds when the 'corsesponding distributions (on both X and Yy) are uniform. The quantities Iw(x:y
and I(x:y) are not related by an inequality of a particular direction, Asin §1, :

Hy (#/2) =0, Iy (& : 2) = Hy (2);

(12)
The difference lies in the fact that we can form the mathematical expectations
MHy (y/z), MIw (2 1 3),
- while the quantity |
Iw (z, y) = MIw (z : y) = MIy (y : x) et

sylnmetrically characterizes the "closeness of the relation” between x and y.

' chevet, it should be noted that the probabilistic approach gives rise to a paradox: In the combinatorial approach,
I(x: y} is always non-negative, which is natural in a naive conception of information content, but Iyw(x:y) may be
legative, Now only the averaged quantity Iw(%, ¥) is & true measure of the information content,

The probabilistic approach is matural in the theory of information wansmission over communications channels car-
Iying "bulk” information consisting of a large number of unrelated or weakly related messages obeying definite proba-
bitistic laws, In this type of problem there is a harmless and (in applied work) deep-rooted tendency to mix up proba-
{Jiiities and frequencies within a sufficiently long time sequence (which is rigorousty justified if it is assumed that "mix-
Ing™ is sufficiently rapid). In practice, for example, it can be assumed that the problem of finding the "entropy” of a
flow of congratulatory telegrams and the channel "capacity” required for timely and undistorted wransmission is validly
tepresented by a probabilistic treatment even with the usual substitution of empirical frequencies for probabilities, If

Something goes wrong here, the problem lies in the vagueness of our ideas of the relationship between mathematical
probability theory and real fandom events in general,

~ But what real meaning is there, for example, in asking how much information is contained in "War and Peace™? .
Isit reasonable to include this novel in the sét of "possible novels,” or even to postulate some probability distribution for
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this set? Or, on the other hand, must we assume that the individual scenes in this hook form a random seguence with

"stochastic relations” that damp out quite rapidly over & distance of several pages?
ver the fashionable question of the "quantity of hereditary information” 4

Actually, we are just as much in the dask ©
necessary, say, for the reproduction of particular form of roach, Still, within the limits of the probabilistic approach,

‘ 3
two variants are possible. In the first variant, we must congider the set of "possible forms® with a probability distribution E
: 4

of uncertain origin on this set?. In the second variant, the chazacteristics of the form are assumed to be a set of weakly

dependent random variables. The real nature of the mechanism of mutation provides arguments favoring the second vari-

g ant, but these arguments are undermined if we assume that natural selection causes & systern of consistent characteristics i "

1o appeai.

3, An Algorithmic Approach. o]

a ‘
i Actually, it is most fruitful to discuss the quantity of information "conveyed by an object™ (x) "about an object”
eneralization to the case of contipuous var-

ik (y). Itisnotan accident that in the probabilistic approach this has ledtoag
jables, for which the eniropy ig infinite but, in 8 large number of cases,

no I, y)-mggpw(dmdy)1ogzpm——~«-—-—~mx(°g;§ I’fyz{}y) - .

W

nitely) complex, but the relationships between tWo sepatate objects o

is finite, The real objects that we study are very {infi
amount of informa- .

diminish as the schemes used to describe them become simpler. Wwhile a map yields a considerable

tiort about a region of the earth’s surface, the microstructure of the paper and the ink on the paper have no relation to
B P : u

the microsiructure of the area shown on the map.

In practice. we are most fre_qlzently interested in the quantity of information *conveyed by att individual object X 5
about an individual object y." It is true, 8§ we have already noted, that such an individual quantitative estimate of in- :
formation is meaningful only when the quantity of information is suffictently large, 1t is, for example, meaninglessto .

ask about the quantity of information conveyed by the sequence

01410

. about the sequence

1100.

Byt if we take a perfectly specific table of random numbers of the sort commonly used in statistical practice, and for

each of its digits we write the unit's digit of the units of its square according to the scheme

‘012'34.56789
0149656941,

| the new table will contain approximately

8\
- " pits of information about the initial sequence (where n is the number of digits in the tables). :

| 11 ‘ Accordingly, below we propose w define

1 | - fafwio)

il . : N
12! so that some indeterminacy remains, Different equivalent variants of this definition wilt 1ead to values equivalent only

?}1% in the sense that Ia, ® A, i.e.,

a4 << Caan

where the constant Ca A, depends on the two basic ways of definiﬁg the universal methods of programiming Ay and Ap

Consider an "indexed domain of objects,” i.e., & countable set

X':‘"{m}f . ‘ ;

*Even a purely combinatorial calculation of the nurnber of possible forms extant (or once extant)

give a ridiculously low upper limit (something like <100 Bits).

4.
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y a finite sequence n(x) of zeros and ones, beginning with a one, associated with each element as its index, Denote
fe length of the sequence n(x) by (%), and assume that:

1) the correspondence between X and the set D of binary sequences of the form described above is one-to-one;

9) D < X, the function n(x) on D is generally recwsive [1], and for x €D
Lnfz)) < l(@) + C,

where G is a constant;

3y together with x and y, the set X contains the ordered pair (x, y), whose index is a generally recursive function
of the indices of x and y and |

where Gy depends only on X,

Not ail of these requirements are essential, but they do simplify the discussion, The end result of the construction
is invariant under transition to a new indexing n'(x) that has the same properties as the old systemn, and can be generally
recirsively expressed in terms of it; moreover, X retains its properties when embedded-in a larger system X" (provided
that, for the members of the initial system, the index n' in the expanded system can be generally recursively expressed
in terms of the initial index n). The new "complexity" K and quantity of information remain equivalent under these
wansformations in the sense of ~. ‘

As the "relative complexity” of an object y with a given X, we will take the minimal length i(p) of the "program™"
p for obtaining y from x. The definition thus formulated depends oa the "programming method,” which is nothing other
than the function :

9@ 2 =Y
that associates on cbject y with a program p and an object %,

In accordance with the views now universally accepted in modern mathematical logic, we must assume that the
function ¢ is partially recursive, For any such function we have

min I (p) |

K z) == { @ (p, x)=Y
o ly/2) oo, if there is no p such that ¢ (p, &) == y.

In this case a function

v=¢ W

of u € X with range v € X is said to be partially recursive if it generates & partially recursive function of the {ndex wans-
formation '

n(‘v) e W [ (z::)].

in order to understand the definition, it is important to note that, in general, partially recursive functions are not

~ defined everywhere, and there is no fixed method for determining whether application of the program p to an object k

will 1ead to a resuit or not, As a result, the function K tp(y/x) cannot be effectively calculated (generally recursive) even
¥ it is known to be finite for all x and y.

Fundamental theorem. There exists a partially recursive function A(p, ) such that for any other partially
recursive function ¢(p, x) we have the inequality

Kily]z) < Koyl o)+ Co

where the constant C,, does not depend on X OF y.

The proof is based on the existence of a universal partially recursive function

D (n, u),

which has the property that by fixing an appropriate index n, we can use the formula

9@ = v




e
= S e

to obtain any other partially recursive function, The function A(p, X) we require is given by the formula® '

_ A ((n$ D L) = @ (n, (g, ).

i ————

Indeed, if o -
y=9 @ 2 = @®{ 2)
then
4 ((n, p)y %) = ¥
Ln, p) < 1) + Ca

We will call funcrions A(p, x) that satisfy the requirements of the fundamental theorem (and the programming
methods defined by them) asymptotically optimal, It is clear that the corresponding "complexity” Ka(y/x) is finite for
all x and y. For two such functions Ay and Ag

(Ko (] 2) — Ka, @/0)|< Casay

where G 4, does not depend on x and y, L&, Kp(y/®) ™ Ka,(y/%)»

Finally,

S g e

Ka(y) = Kaly/l)

can be taken for the "complexity of y" and we can define the "quantity of information conveyed by X about y* by the
formula ‘ .

: - Ta(w:y) = Ka(W) — Kalyl o)

it is easy to show™ that this quantity is always essentially positive,

Ig(z:iy) >0,

_ which means that Io(x: ) is no less than some negative constant C that depends only on the characteristics of the select-
o : ed programming method. - As we have already noted, the theorem was designed for application to & guantity of informa- .
tion so large that, in comparison, | €| is negligibly small.

YR —

i
.1
l

Note, finally, that Ka(x/x) & 0, I5(x:x) ™ K 4(%).

HER ‘ Of course, - one can avoid the indeterminacies associated with the constant Cg,, €tC., by considering particular do-~
: mains of the objects X, indexing, and the function A, but it is doubtful that this can be done without explicit arbitrari-
Ll ness. One must, however, suppose that the different "reasonable” variants presented here will lead 1o "complexity esti-

! mates” that will converge on hundreds of bits instead of tens of thousands, Hence, such quantities as the "complexity” of
JE the text of "War and Peace” can be assumed to be defined Wwith what amounts to uniqueness. Experiments on guessing
%gi _ continuations of literary texts make it possible to obtain an uppex estimate for the conditional complexity in the presence
H% ' of a given consumption of "a priori information” (about language, style, textual content) available to the guesser. In
- tests conducted at the Moscow State University Department of Probability Theory, such upper estimates fluctuated be-
I; tween 0, 8 and 1, 4 The estimates of the order of 0.9-1.1 obtained by N. G. Rychkov have led less successful guessers
1 to 'sug'gest that he telepathically comimunicated with the authors of the texts. :

!] .1 believe that the approach proposed here yields, in princip'le, a correct definition of the "quantity of hereditary
1i information,” although it would be difficult to obtain a reliable estimate of this quantity. '

I

|

|

=| A 4, Conclusion

The concept discussed in §3 have one important disadvantage: They do not allow for the "difficulty™ of preparing
i a program p for passing from an object ¥ to an object y.- By inwoducing appropriate definitions, it is possible to prove

i rigorously formulated mathematical propositions that can be legitimately interpreted as an indication of the existence Of-_
i " cases in which an object permiiting a very simple program, i.e., with a very small complexity K(x), can be restored by
1 short programs only as the result of computations of a thoroughly unreal duration. Sometime in the future, I intend 10

’ stady the relationship between the necessary complexity of 2 program '

i ‘*&(n, u) is defined only when n € D, and A(p, X) is defined only when p is of the form (1, @), B € D. .

! _ *By choosing a "comparison function® of the form ¢(p, x}= A(p, 1), we obtain Kaly/x) = K¢{y/x) +Cyp=
i = Ka() + Co- ’

: 8

T




ning
nite for

by the

he select-.
informa-

ticular do-,
arbitrari- "
iXity esti-

plexity” of
uessing
he presentt
sser, In *
ated be- .
. guessers

ereditary

: prep‘aring?
to prove
xistence o
restored b
ntend to

‘ Kt‘ (‘”).“

and S permlssible él‘ ffICtllty L. Ihe COII}plexity K(X) that Was th i y i
it alneci i §3, 18 h C O

5 It is beyond the scope o'f this an:ilee to consider the use of thé constructions of §8 in providing a new basis for prob-
ability theory. Roughly speaking, the situation is as follows: If a finite set M containing a very large number of mefn- |
ngmlir?g:rlstsog t;;e;r:::a;?;;y I'nealzz (;f all program of length negligibly small in comparison with log, N, then almost

exity K(x) close to logy N, The elements x € M of this ¢ i
" " ) y , omplexity are al
random" members of the set M. An incomplete discussion of this idea may be found in {g 1 y so treated as
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